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It is an open fundamental question how the classical appearance of our environment arises from
the underlying quantum many-body theory. We propose that the quantum-classical boundary can
be probed in collisions of bright solitons in Bose-Einstein condensates, where thousands of atoms
form a large compound object at ultra cold temperatures. We show that these collisions exhibit
intricate quantum-many-body physics, invalidating mean field theory. Prior to collision, solitons
can loose their well defined quantum phase relation through phase diffusion, essentially caused by
atom number fluctuations. This dephasing should typically render the subsequent dynamics more
classical. Instead, we find that it opens the door for a tremendous proliferation of mesoscopic
entanglement: After collision the two solitons find themselves in a superposition state of various
constituent atom numbers, positions and velocities, in which all these quantities are entangled with
those of the collision partner. As the solitons appear to traverse the quantum-classical boundary
back and forth during their scattering process, they emerge as natural probe of mesoscopic quantum
coherence and decoherence phenomena.
PACS numbers:
Introduction: Why most of the world around us follows
the classical laws of physics, while being built from quan-
tum mechanical microscopic constituents, is a paramount
puzzle of modern physics [1, 2]. As experiments are push-
ing towards superposition states with more and more con-
stituents [3–12], all points to a central role of decoherence
and system-environment entanglement in the transition
from quantum to classical appearance [1, 13, 14]. These
both inherently rely on the ease with which entanglement
proliferates in quantum many body systems.
In ultra-cold gaseous Bose-Einstein condensates
(BEC), thousands of atoms can form a compound object,
a bright soliton [15], due to their weakly attractive con-
tact interactions. These solitons are localized solutions
of the Gross-Pitaevskii equation (GPE) that governs the
mean field of the condensate [16–18]. They are protected
from dispersion by the non-linearity of atomic interac-
tions, and regularly created since 2002 [18–31], motivated
by fundamental studies and applications in atom inter-
ferometry [29]. We demonstrate that condensate solitons
represent an ideally suited probe to explore the behavior
of matter at the quantum classical boundary by exhibit-
ing both, tuneable decoherence and tuneable generation
of mesoscopic entanglement.
As opposed to other probes of this boundary, we can
continuously change the constituent atom number of a
soliton Nsol, atomic interactions and thus internal soliton
structure as well as decoherence. The latter can arise
from coupling to an environment, which for cold atomic
can be the same type of atoms, hotter and outside of the
condensate.
Collisions of classical inert objects are typically fully
FIG. 1: Soliton collisions near the quantum-classical bound-
ary. (bottom) The collision trajectories (violet lines) of quan-
tum solitons depend crucially on phase coherence (orange
lines) of the many-body wave-function. This coherence al-
lows a well defined relative phase, ϕ = pi in (a) and ϕ = 0
in (b), between the left and right soliton, controlling colli-
sions. (c) On longer time scales, initial number fluctuations
cause a loss of this coherence and the mean collision trajectory
(violet) ceases to be dependent on the initial relative phase.
However due to atom transfer J during the collision, solitons
subsequently are in a many-body superposition state of vari-
ous positions as sketched in the figure. For each position, also
momentum and atom-number are entangled with those of the
collision partner, as sketched by lines of different color, see
also Eq. (5).
described by positions and momenta of collision part-
ners. Quantum mechanically, collisions might addition-
ally depend on the quantum phases in the many-body
wave function. The latter also play a central role in con-
densate soliton collisions, which in mean field theory are
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2controlled by the relative phase ϕ and distance d be-
tween the colliding solitons. We write their mean-field
wave function as
φ(x) = L(x)eikx + eiϕR(x)e−ikx, (1)
with left and right soliton shapes L(x) = N sech[(x +
d/2)/ξ], R(x) = N sech[(x−d/2)/ξ], where N normalises
each soliton to contain Nsol =
∫
dx|L(x)|2 = ∫ dx|R(x)|2
constituent atoms. The soliton widths are set by the heal-
ing length scale ξ and k is the wave number associated
with symmetric bulk soliton motion. In the following we
chose units and parameters for which ξ = 1, ~ = 1 and
the atomic mass m = 1. We then draw |φ(x)|2 in the
inset of Fig. 2 (a).
In mean field theory, solitons evolve through the GPE
i
∂
∂t
φ(x, t) =
[
−1
2
∂2
∂x2
+ U0|φ(x, t)|2
]
φ(x, t), (2)
with 1D interaction strength U0 = 2as(~ω⊥) < 0, where
as is the scattering length and ω⊥ the transverse trap-
ping frequency. For a simplified description, the Ansatz
(1) can be inserted into (2) yielding effective kinetic equa-
tions [32–34] for the time evolving soliton separation d(t),
velocity v(t) = k(t) and relative phase ϕ(t). Then we see
that a relative phase ϕ = 0 yields attractive and ϕ = pi
repulsive behaviour [32, 33], as sketched in Fig. 1.
However, experiments under different conditions [20,
22–24] portray a mixed picture of the validity of mean-
field theory [33, 35–37]. Further, simulations found mod-
ifications of soliton interactions by quantum field effects
[35, 38]. Here we trace these back to two fundamen-
tal processes at play in collisions of many-body soli-
tons: (i) phase diffusion of each individual soliton and
(ii) atom transfer between colliding solitons. Combining
insight from these basic physical processes involved, we
finally predict entanglement of atom-number and soliton
momentum resulting from collisions. Thus the many-
body quantum dynamics of soliton collisions represents
a unique example where the loss of inter-soliton phase
coherence actually leads to subsequent enhancement of
quantum effects in their collision properties. In a com-
panion article, we show that this picture is consistent
with all exisiting experimental results, and in fact helps
to clarify several open questions [34].
Soliton trains fragment due to phase diffusion: We now
move beyond mean field theory, using: (i) a two-mode-
model (TMM) for the atomic quantum field Ψˆ(x, t) =
L[x, d(t)]aˆ(t)+R[x, d(t)]bˆ(t), where aˆ destroys a boson in
the left soliton, with mode function L(x) = L(x)/
√
Nsol,
and bˆ does the same for the right soliton. Each atom can
thus be either in the left or the right soliton (Fig. 1). The
mode functions depend on time through the inter-soliton
separation d(t). (ii) The Multi-Configurational Time De-
pendent Hartree for Bosons (MCTDHB) [39] with two
orbitals based on the package [40], which differs from (i)
by self-consistently evolving also the two mode functions
instead of assuming a fixed Ansatz.
The TMM is governed by the Hamiltonian [34] Hˆ =
Jˆ [d(t)](bˆ†aˆ + aˆ†bˆ) + χ2 (aˆ
†aˆ†aˆaˆ + bˆ†bˆ†bˆbˆ) where χ =
U0
∫
dx |L¯(x)|4 = −mU20Nsol6~3 < 0 and Jˆ [d(t)] is an opera-
tor describing atom transfer between the solitons, which
vanishes for large separation d(t), see [41].
A measure of whether the two soliton modes are
phase coherent is now provided by the two eigenval-
ues (2Nsol)λ± of the one-body density matrix (OBDM)
[17, 42, 43], given by
% =
[〈aˆ†aˆ〉 〈bˆ†aˆ〉
〈aˆ†bˆ〉 〈bˆ†bˆ〉
]
. (3)
If % has one dominant eigenvalue λ+ ≈ 1, all the atoms
reside in the same single particle state (orbital), which
can represent two solitons with complete phase coher-
ence as in (1). Otherwise the system is fragmented with
no phase-coherence between solitons [17, 38, 44], hence
〈aˆ†bˆ〉 = 0.
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FIG. 2: Phase diffusion fragments bright BEC solitons. (a)
Relative occupation λ of all system orbitals at zero tempera-
ture in MCTDHB (dashed) and two-mode model (solid). Ini-
tially we have a pure BEC of two solitons since λ = 1 for
one orbital. We call the system fragmented after tfrag, when
|λ+(tfrag) − λ−(tfrag)| = 0.2. The non-linear parameter de-
scribed in the text is χ = −6.6 × 10−4. The inset shows the
initial mean field density |φ|2 of the two solitons. (b) Phase
diffusion can be visualised through the Husimi Q-function [45]
Q(α) = |〈α |ΨL 〉| of the left soliton’s internal state |ΨL 〉 for
the same case as (a). Here |α 〉 is a coherent state centered on
α ∈ C. We show Q(α) at t = 50 where the phase has become
undefined and the two solitons fragmented. Half maximum
contours ofQ(α) at the earlier times t = 0, 13 are added in ma-
genta. In the space of α, farther from the origin corresponds
to larger atom number nL, and the argument indicates the
soliton phase ϕL. Thus, the radial width of the Q-function
shown represents the uncertainty in atom number of a single
soliton, while the angular width implies uncertainty in phase.
Let us initially consider a pair of non-interacting soli-
tons with Nsol = 1000 atoms, placed far apart d(t) ≡
32 = const such that Jˆ = 0, see inset Fig. 2 (a). We can
then analytically find the time-evolution in the TMM,
starting from both solitons in a coherent state (pure
3BEC), allowing us to extract the relative occupation λ±
of the two system orbitals and hence degree of fragmen-
tation as
λ± =
1± e2Nsol[cos(χt/~)−1]
2
≈ 1± e
−(t/tfrag)2
2
, (4)
where the expression after ≈ is valid for short times. The
system fragments on the timescale tfrag = ~/(
√
Nsol|χ|).
On this timescale the TMM agrees with the substantially
more involved MCTDHB method, as shown in Fig. 2 (a).
The model now allows us to trace the physical origin of
fragmentation to the ubiquitous phase-diffusion [46–48]
of a Bose-gas: To allow a well-defined relative phase be-
tween solitons initially, we must have an uncertainty of
atom number in each, as in a two-mode or relative coher-
ent state. Due to atom collisions described by the terms
∼ χ in Hˆ, states with a higher number of atoms in, e.g.,
the left soliton, nL, will experience a faster phase evo-
lution exp [−iχnL(nL − 1)t]. In Fig. 2 (b) this implies a
faster rotation of the Q-function for larger radial distance
from the center, causing the profile shear at t = 13 and
then leading to complete phase uncertainty at t = 50. At
that stage a relative phase between solitons can no longer
be defined.
While phase-diffusion is ubiquitous in BEC, its de-
tailed dynamics will depend on the number statistics of
the initial two-soliton state [46, 49, 50], and thus be quite
sensitive to the soliton preparation procedure, e.g. its
noisiness [51]. By clearly identifying phase diffusion as
the physical cause of soliton train fragmentation, we how-
ever show that fragmentation is robust and unavoidable
but also frequently slower than experimental time scales.
For example using parameters of the experiment [24], one
would find a fragmentation time of tfrag = 877 ms.
Atom transfer in soliton collisions: Moving to colliding
solitons, we now show how fragmentation and collisions
affect each other. For this, we again compare TMM and
MCTDHB, where the inter-soliton distance d(t) for the
TMM is adjusted to the mean one provided by MCT-
DHB. We shall separate the fragmentation and collision
time-scales by forcing solitons to collide at a set time
tcoll = |dini/(2vini)|, where d and vini are their initial dis-
tance and velocity. We find that prior to fragmentation,
solitons collide as predicted by mean-field theory (2) de-
pendent on their relative phase. Here MCTDHB soliton
trajectories agree with the effective kinetic equation of
motion for d(t), shown as teal lines, see Fig. 3 (a,c).
We however see that the attractive collision has in-
creased the degree of fragmentation in panel (b), which
should otherwise only fragment at tfrag ≈ 60. We find
that this is due to atoms transferring from one soliton
to the other when these are close, as they inevitably be-
come when interactions are attractive. Transfer through
the Jˆ terms are then possible during a short time interval
only, forming an intermittent Bosonic-Josephon-Junction
(BJJ) [52]. The transfer “pulse” non-adiabatically widens
FIG. 3: Collision and coherence dynamics in controlled soli-
ton collisions, before fragmentation, at time tcoll < tfrag (a-d)
and after fragmentation, at time tcoll > tfrag (e-h). The initial
relative phases between solitons, ϕ, are indicated. (a,c,e,g)
Total atomic density from MCTDHB and expected mean-
field trajectories based on Eq. (2) (teal line). (b,d,f,h) The
two largest orbital populations λ(t) from MCTDHB (dashed)
and the two mode model (solid). For the latter we used a
time-dependent soliton separation d(t), which is inferred from
the MCTDH peak densities. The insets show, for one of the
solitons, the pre- and post-collision atom number probabili-
ties ρn from the TMM (black), at the indicated time (•). The
magenta line is the outgoing soliton velocity v(n) for a soliton
with n atoms after the collision.
the atom number distribution ρn, shown in the inset. A
wider number distribution then leads to faster phase dif-
fusion in subsequent dynamics. The effect is absent in the
repulsive case of panel (d), due to much less atom trans-
fer. Note that the TMM is expected to quantitatively fail
in the attractive case as the two mode functions become
identical when d = 0. Nonetheless the qualitative feature
of increased fragmentation is also evident in MCTDHB.
We thus conclude that attractive collisions will cause ear-
lier subsequent fragmentation.
When quantum solitons collide after fragmentation,
4tcoll > tfrag, almost no initial phase-dependence of col-
lision trajectories remains in the mean atomic density
provided by MCTDHB, see Fig. 3 (e,g). Collisions al-
ways seem to have repulsive character. They also appear
super-elastic, with solitons gaining kinetic energy in the
collision, while total energy is conserved. We propose
the following explanation: the MCTDHB method pro-
vides a variationally optimised approximation within its
two-mode constraint, to describe a massively entangling
quantum many body collision beyond its reach.
We can see how the latter must arise from basic princi-
ples: The short opportunity for atomic transfers between
solitons causes a much larger spread of the atom number
distribution in a soliton than before the collision, shown
in the inset of Fig. 3 (f,h). This effect is much more
pronounced in collisions after fragmentation than those
before, compare panel (d). It is accompanied by a partial
restoration of phase coherence (or de-fragmentation), in
panels (f,h), in accordance with number and phase be-
ing conjugate variables. Due to transfer during the col-
lision, the two solitons may significantly differ in atom
number after the collision. Let us denote the number
of atoms in the left (right) soliton after collision with
nleft (nright) and assume incoming solitons had velocities
±v0 and fixed atom number n0 = Nsol. If atoms now
have transferred from one soliton to the other, momen-
tum and energy conservation prohibit symmetric outgo-
ing soliton velocities ±v0, and instead dictate the velocity
of the left soliton v(a) as a function of number asymme-
try a = (nleft−nright)/2, see [41]. Averaging this velocity
(magenta line in the insets) over the probabilities of a cer-
tain asymmetry, pnleft (black line in the insets), this can
quantitatively account for the mean kinetic energy gain
through a drop of internal energy, as we show in [34].
The emergent picture now involves entanglement of
post-collision momentum with relative atom number.
The post-collision many-body state, sketched in Fig. 1 (c)
then has the schematic structure
|Ψpc 〉 =
∑
a
ca|Nsol + a, v(a) 〉L ⊗ |Nsol − a, v(−a) 〉R,
(5)
if we ignore the initial number fluctuations. The states
|n, v 〉 in Eq. (5) indicate the constituent number n and
velocity v (hence also position) of the left and right
soliton separately and ca are complex coefficients. The
schematic (5) constitutes the many-body generalisation
of semi-classical results [53] and is also reminiscent of
the collision induced two species Bell states proposed in
[54] and entanglement generation involving dark [55] or
dark-bright solitons [56].
While neither of our methods can capture the final
state (5), they are expected to correctly describe the two
robust features of quantum soliton dynamics, which then
necessitate this final state: (i) phase diffusion that is
present in any condensate with number fluctuations and
(ii) Josephson type tunnelling that would be present in
any well defined two-mode system with contact between
the modes.
We show in the companion article [34] that fragmen-
tation is accelerated in a heated condensates and how
the theory developed here is consistent with experiments
[20, 22–24] and further helps to reconcile seemingly con-
tradictory earlier results regarding the applicability of
mean field theory.
Conclusions and outlook: We have connected fragmen-
tation of solitons to phase diffusion, which allows us to
predict the fragmentation time scale. Since phase diffu-
sion causes a loss of coherence between two solitons, it
initially appears like a de-coherence process. However,
while this renders the mean of collisions more classical,
namely independent of an initial inter-soliton quantum
phase, it in fact enhances subsequent proliferation of en-
tanglement: At the moment of collision, we have shown
strong interplay between the bulk soliton kinematics and
two-mode many body physics. This leads to partial re-
coherence during the collision but subsequent entangle-
ment of atom-number and momentum in a soliton.
Their well understood internal many-body structure
[54, 57, 58], yet rich emergent many body physics now
make BEC solitons an ideal probe of the quantum to clas-
sical boundary: How does the intricately entangled post
collision state manifest itself in a single experimental ob-
servation? How does it respond to de-coherence at finite
temperature? Can we treat internal phase and number
variables of the solitons as an environment for their bulk
position and momentum variables? In the absence of a
comprehensive many-mode, many-body, thermal quan-
tum theory, experiments will have to answer many of
those questions. As we have shown, collisions themselves
will be a useful diagnostic of many-body dynamics, com-
plementing interferometry [59].
We stress that even if a thermal environment has
washed out inter-soliton quantum effects, each soliton
still requires internal quantum coherence and entangle-
ment [60] to maintain its structure. The present system
will thus allow to explore also internal interactions that
are able to preserve local quantum coherence despite the
presence of an environment, preserving quantum bound
states.
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SUPPLEMENTAL INFORMATION: SOLITONS
EXPLORE THE QUANTUM CLASSICAL
BOUNDARY
Complete Two-mode model: The position dependent
terms omitted in the main article are:
Hˆ = E0(aˆ
†aˆ+ bˆ†bˆ) +
χ
2
(aˆ†aˆ†aˆaˆ+ bˆ†bˆ†bˆbˆ)
+ J(bˆ†aˆ+ aˆ†bˆ) + U¯(4aˆ†aˆbˆ†bˆ+ aˆ†aˆ†bˆbˆ+ bˆ†bˆ†aˆaˆ)
+ 2J¯(aˆ†aˆ+ bˆ†bˆ− 1)(bˆ†aˆ+ aˆ†bˆ), (6)
with coefficients
E0 =
∫
dx L¯(x)
[
− ~
2
2m
∂2
∂x2
]
L¯(x), (7)
χ = U0
∫
dx L¯(x)4 = −mU
2
0Nsol
6~3
, (8)
J =
∫
dx L¯(x)
[
− ~
2
2m
∂2
∂x2
]
R¯(x), (9)
U¯ =
U0
2
∫
dx L¯(x)2R¯(x)2, (10)
J¯ =
U0
2
∫
dx L¯(x)3R¯(x). (11)
Number-momentum entanglement: An equal number of
atoms, Nsol, are contained in the two incoming solitons
with momenta p0 and -p0 per atom, thus the initial total
net momentum is zero.
At the moment of collision, due to close proximity of
solitons tunnelling is likely. Let us assume a atoms are
transferred from the left to the right soliton. If we de-
note the outgoing momenta per atom by p+ and -p−,
conservation of momentum requires:
(Nsol + a)p+ − (Nsol − a)p− = 0. (12)
Together with energy conservation
Nsol
p20
m
+ χN2sol = (Nsol + a)
p2+
2m
+ χ
(Nsol + a)
2
2
+ (Nsol − a)
p2−
2m
+ χ
(Nsol − a)2
2
, (13)
the equations (12) can be solved to yield momenta of
atoms in outgoing solitons p±.
We find
p+ = ±
√
a−Nsol
√
a2mχ− p20Nsol√
aNsol +N2sol
. (14)
with matching velocities v = p+/m shown in Fig. 3.
